For compact A it is shown in [9] that for each element a of the dual group A of A there exists an idempotent R a in the centralizer Δ(L,(G0) of the L r group algebra L 1 (G / ) of G f . In [8] it is shown that R a possesses a unique extension, also denoted by R a , to an idempotent in the centralizer Δ(C*(G')) of the C*-group algebra C*(G f ) of G f . Moreover the family {R a : a G A} satisfies the conditions R a R β = δaβR a Vα,|8ei and Σ aEA R a = 1, the identity operator and where the sum is the strong limit of the family of finite partial sums. However, it is shown in [3] that Δ(C*(G0) is a C*-algebra *-isomorphic to the ideal centre ^(C*(G')) of C* (G f ) (see [6] ). Since G', and hence C*{G f ), is separable S(C*(G f )) is contained in the centre Z(C*(G') μ ) of the Baire *(or monotone σ-) envelope C*(G0 μ of C*(G0 (see [1] ). Denoting the image of R a under the isomorphism by r α , it follows that {r a : a G Λ} is a family of mutually orthogonal projections in Z(C* (G f ) μ ) such that Σ α <=Λ r α = 1, the identity in C* (G f ) μ where the sum is the least upper bound of the family of finite partial sums. Moreover for each a G A, r a -L,{G S ) = L,(G\a) C L^) and r a C*(G0 = C*{G f ,a) C C*(G0 Hence direct sum decompositions of L,(G0, C*(G0, C*(GO μ and W*(G0, the W*-group algebra of G ; , are defined. The crucial observation allowing a theory to be developed for noncompact A is that in the compact case A CL λ {A). Therefore in general, instead of studying the mapping a -» r a from A to Z(C* (G f ) μ ), a mapping φ->r{φ) from L X (A) into Z(C*(G0 μ ) should be constructed. Since in general L,(Λ) does not contain idempotents, it then becomes less obvious how direct sum decompositions can be defined. The main result (Theorem 3.1) shows that such a mapping r exists and has a unique extension, also denoted by r, to a σ-normal *-isomorphism from C*(A) μ into Z(C* 
. In particular the projections {r a : a E A} constructed in the compact case are those arising from the Borel sets in A consisting of single points.
The range r(C*G4) μ ) of r is a commutative Baire *-algebra. Therefore the range Π(r(C*(A) μ )) of the restriction of a σ-normal essential representation Π of C*(G f ) μ on separable Hubert space is a commutative W*-algebra (see [12] ). Using this fact it is shown in §4 that every such representation possesses an essentially unique direct integral decomposition over A. There exists a bijection between the set of such representations Π of C* (G f ) μ and the set of continuous unitary representations π of G f on separable Hubert spaces. The second main result (Theorem 4.3) shows that almost all the terms in the corresponding direct integral decomposition of π are of the form (a,g)^a(a)π a (g) for some αθi, where π a is a projective representation of G with multiplier a °f.
Finally in §5 certain results associated with the compactness of A are proved. In particular it is shown that Σ aG A r α = 1 if and only if A is compact.
Results related to those in this paper, but of a rather different nature have been obtained by Insel [11].
2. Preliminaries. Throughout this paper G denotes a separable locally compact topological group with unit element e and m denotes a left invariant Haar measure on G. Let M{G) denote the measure algebra of G, let δ e denote its identity and let L λ (G) denote the L r group algebra of G. For the definitions of these and related terms the reader is referred to [10] . L λ (G) is isometrically *-isomorphic to the closed two-sided *-ideal M a {G) of elements of M{G) absolutely continuous with respect to m, by means of the mapping η -> m η defined for η e L λ {G) by dm η = ηdm. Let C*{G) denote the C*-envelope of L X {G), the C*-group algebra of G, and let W*(G) denote the W*-envelope of C*(G), the W*-group algebra of G. For these definitions the reader is referred to [4, 5, 17] . C*(G) will be identified throughout with its universal representation and therefore will be regarded as a weak* dense subalgebra of W*(G). The measure algebra M(G) will also be identified with a subalgebra of W*(G\ [18] . Let C*(G) hμ be the smallest subset of W*(G) containing the set C*{G) h of self-adjoint elements of C*{G) and which contains the least upper bounds and greatest lower bounds of its uniformly bounded monotone sequences. Then C* (G) hμ + iC* (G) hμ is a C*-algebra, known as the Baire* envelope of C*(G) and denoted by C* (G) μ . For details see [14] . There exist bijections between the families of essential representations of L](G), essential representations of C*{G), essential σ-normal representations of C*(G) μ and essential normal representations of W*(G), the bijections being defined by restricting a given essential normal representation of W*(G) to L,(G), C*(G) and C*{GY respectively. Moreover there exists a bijection π -> Π from the set of continuous unitary representations of G onto the set of essential representations of L λ {G) defined for η EL^G), ξ l9 ξzEH^ the representation space of TΓ, by
JG
Each of these bijections maps primary and irreducible representations into primary and irreducible representations respectively and preserves unitary equivalence. Let A be a separable locally compact abelian group with unit element 0, let n be an invariant Haar measure on A and let A be the dual group of A. A is discrete if and only if A is compact. The Fourier transform F on L X {A) is defined for φ EL|(A), a GA by = ί a(a)φ(a)dn(a).
, JA F extends to an isometric ^-isomorphism from C*(A) onto C 0 (A) 9 the algebra of continuous functions on A which take arbitrarily small values outside compact sets, equipped with the supremum norm [16] . F also extends uniquely to a σ-normal isometric ^-isomorphism from C*(A ) μ onto F®(A), the algebra of bounded Borel functions on A [12] . Both these extensions will be denoted by the same symbol F.
A Borel function / from G xG to A satisfying
is said to be a Borel 2-cocycle from G to A In the special case A = T, the multiplicative group of complex numbers of unit modulus, a Borel 2-cocycle is said to be a multiplier on G. For each Borel 2-cocycle / from G to A and each a E Λ, a °f is a multiplier on G.
To each multiplier ω on G there exists a 'twisted' convolution and involution on L X {G) with respect to which it forms a Banach *-algebra L x {G,ω) with bounded approximate identity. C*(G y ω), C*(G,ω) μ and W*(G, ω) respectively denote the C*, Baire* and W*-envelopes of L x (G,ω) . There exist bijections between the families of essential representations of L λ (G,ω) , essential representations of C*(G,ω), essential σ-normal representations of C* (G,ω) μ and essential normal representations of W* (G, ω) . In this case (2.1) sets up a bijection between the set of essential representations of L λ {G,ω) acting on a separable Hubert space and the set of projective representations of G with multiplier ω acting on a separable Hubert space. Each of the bijections maps primary and irreducible representations into primary and irreducible representations respectively and preserves unitary equivalence. See [7, 8, 9] for details.
Let / be a Borel 2-cocycle from G to A and for
With this multiplication A x G is a group which possesses a separable locally compact topology, the Borel structure of which coincides with the product Borel structure and with respect to which A x G is a topological group. This group is said to be the central group extension of A by G corresponding to / and is denoted by G f . The measure n x m is a left invariant Haar measure on G f [13] . If 31 is a complex Banach algebra, the set Δ(2l) of bounded linear operators W on 21 satisfying is said to be the centralizer algebra of 91.
Let 21 be a C*-algebra, let 21 μ be its Baire* envelope and let 21** be its W*-envelope. With 21, 2ί μ regarded as being embedded in 2ί**, the idealizer 3^(21) of 2ί is the largest C*-subalgebra of 2ί** in which 21 is an ideal. Let 2ί m denote the set of self-adjoint elements of 21** which can be reached by increasing nets from 2l~ the C*-subalgebra of 21** obtained by adjoining the identity 1 of 21** to 2ί. If 2I m = -2ί m , then the self-adjoint part of s D((2ί) equals 2ί m Π 2ί m (1) . Further Δ(2ί) is a commutative C*-algebra with identity and the mapping W-» W**l is a *-isomorphism from Δ(2I) onto the centre Z0Dΐ(2ί)) of 9K(2t). Moreover Z(3K(9I)) = ^(21), the ideal centre of 2ί [2, 3, 15] . If 2ί is separable, 2ί m C 2P, 1 E 2ί^ and hence 3K(2I) C 2ί μ , ^(2ί) C Zί?^), the centre of 2ί μ . Throughout the paper the multiplication and involution in W*(G f ) and, for a E A, in W*(G, α °/) are denoted by , * respectively. The section begins with a statement of the main theorem and its corollaries. 
The extension of r to C*(A) μ will also be denoted by r. COROLLARY 
For E E 93(A), the σ-algebra of Borel subsets of A, define r(E) = r(F~xχ E ) where χ E is the characteristic function of E, F~ι is the inverse Fourier transform and r is defined above. Then f: E-+ f{E) is a σ-isomorphism from ^&{A) into the Boolean σ-algebra of central projections in
The proof of Theorem 3.1 depends upon several results, some of which are of independent interest. 
Then the mapping R: μ-^>R(μ) is an isometric ^-isomorphism from M(A) into
Proof. The mapping μ^μxδ, is an isometric ^-isomorphism
But, by Theorem 6.1
Then the mapping R: φ-*R(φ) is an isometric *-isomorphism from L X {A) into
Proof. This follows immediately from Proposition 3.4 by regarding L λ {A) as an ideal in M(A).
be defined as above. Then R(φ) extends uniquely to an element, also denoted by
Proof. Let π be an irreducible representation of G f on the Hubert space H and let Π be the representation of Therefore R(φ) extends uniquely to a bounded linear operator, denoted by the same symbol, on C*(G f ) such that ||JR(φ)||^||φ || C (A) . Simple limit arguments show that
However, by 1.7.8 of [17] , the multiplication in W*(G f ) is weak ^-continuous and so the mapping Ψ-^(n φ x δ e ) Ψ is also a weak -continuous extension of Proof. (3.2) shows that R possesses a unique extension to a norm nonincreasing mapping from C*(A) into Δ(C*(G / )). Simple limit arguments show that the extension, also denoted by R, is a *-homomorphism. For φ E L X {A), = sup{||Π(n φ xδ β )||: UElrr(G f )} by (3.1), where Irr (GO denotes the set of irreducible normal representations of W*(G0, by Lemma 3.6, Hence R is isometric on L λ {A). Let φ'eC*(A) satisfy R(φ') = 0 and let {φ λ } be a net in L,(A) such that, relative to the C*-norm, limφ λ = φ'. Then, from above, It follows that φ' = 0 and hence that R is a ^-isomorphism from the C*-algebra C*(Λ) into the C*-algebra ΔCC^G')). Therefore, using 1.8.1 of [4] , R is an isometry from C*(A) into Δ(C*(G0).
T7ιe/i P α is α norm nonincreasing *-homomorphism from L,(G0 Li(G, α °/) and P a possesses a unique extension to a *-homomorphism from C*(G0 onto C*(G,a°/).
Proof, The calculations used in [9] to show, for the case of compact A, that P a is a norm nonincreasing *-homomorphism from L x (G f ) into Li(G, α °/) also apply here. To show that P a has range L,(G,αo/), let ιAEL,(G), φEL,(Λ) with
is an element of L λ (G f ) such that P a Ψ = ψ. The calculations used in [8] to show that, for the case of compact A, P a extends uniquely to a *-homomorphism, also denoted by P α , from C*(G f ) into C*(G,a°f) also apply here. However, P a C*(G s ) is closed in C*(G,α°/) (see 1.8.3 of [4] ) and contains L,(G,αo/). It follows that P a C*(G f ) = C*(G,α <>/).
Proof of Theorem 3.1. It follows from Lemma 3.7 and the remarks at the end of §2 that the mapping c/> ->i?(φ)**l is an isometric *-isomorphism from C%4) into Z(C*{G f ) μ ). Further, Lemma 3.6 shows that for φ E L X {A)
Since L X (A) is dense in C*G4), the mapping φ -*R(φ)**l is the unique extension of r to C*(A) and will be denoted by the same symbol r.
Since W*(G f ) can be regarded as an algebra of operators on the universal representation space of C*(G0, r can be regarded as a faithful representation of C%4) and therefore possesses a unique extension to a σ-normal representation (also denoted by r) of C*(A) μ . It remains to show that this extension is faithful and that its range lies inside Z(C*(G f ) μ ). Recall that the Fourier transform F on L X (A) possesses a unique extension to a σ-normal ^-isomorphism (denoted by the same symbol) from C*(A) μ onto the algebra F^{A) of bounded Borel functions on A. For E E 93(A), the σ-algebra of Borel subsets of A, let
r(E) = r(F-ι χ E )
where χ E js the characteristic function of E. Since both r and F" 1 are σ-normal it follows that f is a cr-homomorphism into the complete Boolean algebra of central projections in W* (G f ). It will first be shown that f is a σ-isomorphism. To this end let E G93(A) and let (φ λ ) be a net in L X (A) converging to F~xχ E in the weak* topology of W*(A). Then χ E is the pointwise limit on A of the net (Fφ λ ). For
A (3.4) (P β (r(φ A ) Ψ))(g) = (P a R(φ λ )Ψ)(g) = (Fφ λ )(a)(P a Ψ)(g).
Notice that r possesses a unique extension to a weak* continuous *-homomorphism (denoted by the same symbol) from W*(A) into Z(W*(G ; )). Using this fact, the weak* continuity of Pϊ* and the weak* continuity of multiplication in W*{G f ), it follows from (3.4) that, for fc and r is a σ-isomorphism.
To show that r is an isomorphism suppose that φ £Ξ C*(A) μ y
O^φ^l, r(φ) = 0. Then φ = Fφ GF^(i), O^i/^l and the sequence (1 -(1 -φ) n ) is monotone increasing with least upper bound χ E where E ! = {a: a EA,ψ(α)>0}. By the σ-normality of r and F" 1 it follows that r(F') = 0 and therefore, from above, that E' = 0. Hence φ = 0 and, since F is an isomorphism, φ = 0. Suppose next that φ EC*(^) μfl , ||φ||^ 1, r(φ) = 0. Then φ = Fφ GF5O4), the algebra of bounded real-valued Borel functions on A, || φ || ^ 1 and
By the σ-normality of r and F" 1 it follows that r(F" ! (| ψ\)) = 0 and, as above, that | φ \ = 0, φ = 0, φ = 0. If φ is an arbitrary element of C*(A) μ such that r(φ) = 0, applying the above result to its real and imaginary part proves that φ = 0. Therefore r is an isomorphism.
It remains to show that r(C*(A )
To this end let

L={φ:φGC*(Ar,r(φ)GZ(C*(G f r)}
Let (φ n )CL be a uniformly bounded monotone increasing sequence with least upper φ. Then, by the σ-normality of r, (r(φ n ))C Z(C*(G0 μ ) is a uniformly bounded monotone increasing sequence with least upper bound r(φ). But Z(C*{G In [7] it is shown how, for compact A, every element of Rep (GO can be written as a direct sum of elements of the family {Rep(G f ,a): a E A}. The generalization relies on the theory of direct integrals, for details of which the reader is referred to [4, 5] . Throughout this section the commutative Baire* algebra r(C*G4) μ ) will be denoted by Z. The first preliminary result concerning the structure of Rep (GO is the following. (iii) If Π E Fac (GO then Π(Z) C Π(Z( W*(G0)) = C\ H and hence, by (i), ΠEReptG^αO for some αEA Therefore Π = α(g)Π. for some Π α ERep(G, a °/) and, since Π is primary, it follows that Π α is also primary. It follows that Fac(G / )C U β €^ FacίG^α) and the reverse inclusion is trivial.
(iv) The proof is similar to that of (iii).
The main result about the structure of Rep (GO is the following. 
for some a G Λ if and only if A is compact.
If A is compact, the mapping Q a defined for a E Λ, η E L X {G, a °f) by
. Further, P a Q a = 1, the identity operator on Lj(G,a °f) and, if R a = Q a P a , the family {R a : a E A} of projections in Δ(L,(G / )) satisfies R a R β = 8 aβ R a . A simple calculation shows that, since A CL,(A), for (5.2) U β Ψ = J? (ά )Ψ = f ({α}) Ψ using the notation of §3. The map Q a defined by (5.1) extends uniquely to a *-homomorphism Q a from C*(G,α°/) onto a norm closed two-sided *-ideal C*(G f ,a) in C*(G0 Further, if P a is extended, as in Lemma 3.8, to a *-homomorphism P a from C*(G0 onto C*(G,α°/), then P α Q α = 1 the identity operator on C*(G,α<>/) and R a = Q a P a is a projection onto C*(G ; ,α) [8] . By means of simple limit arguments it can be deduced from (5.2) that, if the extension of R (ά) to an element of Since Π possesses a unique normal extension to W*(G / ) and since, for each α E A, L α possesses a unique normal extension to W*(G, a °/) it follows that for Ψ E W*(G0, f e ff, αEA, Using (5.4) and Lemma 4.1 it is clear that Π(Z) is *-isomorphic to Loc(A,μ) and therefore μ is the measure on A corresponding to Π through Theorem 4. Conversely, assume that A is noncompact and thus that A is nondiscrete. It will be shown that
which, because of (3.5), is a stronger result than that to be proved. For some a E.A, let ΨEL,(G0) and define the mapping d Ψ on A by d Ψ (j3) = P β Ψ V βEA It follows from (3.5) that either P β Ψ = 0 Vβ E A or d^(0) = A\{α:}. However, by Proposition 2.4 of [11] , d Ψ is continuous and thus, if dφ l (0) = A\{a} 9 {a} is open. By 15. 8 and 15.17(b) of [10] this implies that A is discrete, contradicting the assumption that A is noncompact. Hence P β Ψ = 0 Vβ E A and, by the ίnjective property of the Fourier transform, Ψ = 0.
(ii) If A is compact it follows immediately from (5.3) that
Conversely, assume that f({a}) C*(G0 C C*(G f ) for some α G A and choose Ψe C*(G0 such that P Λ Ψ^0. It follows from (3.5) that for β G A, P β (f({a}) Ψ) = δ αβ P α Ψ and so, as in the proof of (i) above, it suffices to show that the mapping j3-*P β (f ({<*}) Ψ) is continuous. However, given e >0 there exists Ψ' G L X (G S ) such that || f({a }) Ψ -Ψ || < e /4. Then, for β, γ G A, ||P,(f({α}) Ψ) -P y (Π{a}) Ψ)||c*( G ') ^ 21| r({α}) Ψ-Ψ'
The result thus follows from the continuity of the mapping β -> P β Ψ'.
